W35. Let S, (x) be polynomial defined by recurrence

St —2(x+1)S, + 8.1 =2x,n e N
with initial conditions Sy = 0,5, = x.Prove that

S, x) <(A+nx)"-1,x>0,neN;

Arkady Alt
Solution by proposer.
Let 7,(x) =S,(x—-1)+1thenS,(x-1) < (1 +nkx-1)"-1,x>1,ne N <
1) T.x)<(+nx-1)"'x>1,neN
and S, i(x—1) = 2xS,(x-1)+S,-1(x—-1) =2(x - )=
Tori(x)—1=-2x(T,(x) - D+ T,(x) -1 =2(x-1) =
Th1(x) =2x«T,(x) — Tp1(x),n € N.

Since So(x) =0and S1(x) =x <= So(x—1)=0and S;(x—-1) =x-1
then To(x) =land T (x) = Six—1)+1=x—-1+1=x.
Thatis T,(x) is the First Kind Chebyshev’s Polynomial.

Since (1 +n(x—1))" = > n*(" ) (x—1)* then for the proof of inequality (1)
=0

convenient to use Taylor’s representation of 7,(x) :

(k) (k)
Tu(x) =) T"k'(l) (x — 1)*, because suffice to prove that T"k—'(l) < <%>nk =
k=0 : :
2) P0)<nt-—1L _ wherek=0,1,...,n.

(n—k)!
For calculation Tf,k)(l) we will partake derivative equation which define
n — th Chebyshev’s Polynomial 7,(x) :
(3) (1 -x*)T,(x) —xT,(x) +n*Ty(x) = 0.
In the supposition that for arbitrary k = 1,2,...,n — 1 consecutive derivatives
T (x), T (x), ¢ satisfy to correlation
(1 =x)TED () = ax TP (x) + b, TV (x) = 0 we obtain that
2xTEV () + (1 =) TEP () = ax TP ) — ax TV ) + b TP (x) = 0 =
(1 =x)TEP(x) = (ar + 2)xTEV () + (b — ax) TP (x) = 0.
Thus we have a1 = a; +2 and by, = by —a, where a; = 1 and b, = n>.

k k
Hence, ax = 2k—1and b1 — by = D (b1 —b;) = ->_(2i— 1) = —k* and
i=1 =1

therefore ax, = 2k + 1,bj1 = n?> — k2.
So, for T2 (x), T¥* " (x), TS” we obtain following correlation
4) (1 —x)TEP (x) = Qk + DxTE (x) + (0 = k) TP (x) = 0, where
k=0,1,...,n—1and in particularly for x = 1 we have:
(1)

(k1) 1y _ (02 2k _ -k
(5) 2k + DT (1) = (0> =K1 (1) = ™y 2k+1

For k£ = 0 inequality (2) obviously holds because T,SO)(I) =T,(1) = 1.



K+l n!

(1) SV
since 121 < n=k=1! o 2=k <nn-k)
T;(zk)(l) pk . —nl 2k+1
(n—k)!

n+k < (2k + 1)n then from of Math. Induction’s supposition that

®) 1y < gk, 1l
Tx (1)_7’1 (}’l—k)'

5} k T(k+1)(1)
we immediately obtain that 7" (1) = 7¥(1) - n(T(l) =
Tn
k,__n! . B — kel n!
e S TG Gl ey 7o DT
Equality in (1) occurs iff » = 1 and don’t holds if » > 1.(because

T.(x) = (1 +nkx-1))"x>1 < TOU) = n*. G f!k), Jk=0,1,...,n < Ty(1) =1

(1) 02— k2
W = I’l(l’l—k),k— 1,...,7’1—1 f=—4 et 1

n+k=Qk+1)nk=1,....n-1 <= Q2n-1)k=0).

and =nn-k)k=1,....n-1 &



